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ON FUSION RULES AND INTERTWINING OPERATORS
FOR THE WEYL VERTEX ALGEBRA
DRAZˇEN ADAMOVIC´ AND VERONIKA PEDIC´
Abstract. In vertex algebra theory, fusion rules are described as the
dimension of the vector space of intertwining operators between three
irreducible modules. We describe fusion rules in the category of weight
modules for theWeyl vertex algebra. This way we confirm the conjecture
on fusion rules based on the Verlinde algebra. We explicitly construct
intertwining operators appearing in the formula for fusion rules. We
present a result which relates irreducible weight modules for the Weyl
vertex algebra to the irreducible modules for the affine Lie superalgebra
ĝl(1|1).
1. Introduction
In the theory of vertex algebras and conformal field theory, determination
of fusion rules is one of the most important problems. By a result by Y.
Z. Huang [21] for a rational vertex algebra, fusion rules can be determined
by using the Verlinde formula. However, although there are certain versions
of Verlinde formula for a broad class of non-rational vertex algebras, so far
there is no proof that fusion rules for such algebras can be determined by
using the Verlinde formula. One important example is the singlet vertex
algebra for (1, p)–models whose irreducible representations were classified in
[2]. Verlinde formula for fusion rules was also presented by T. Creutzig and
A. Milas in [12], but so far the proof was only given for the case p = 2 in [7].
We should also mention that the fusion rules and intertwining operators for
some affine and superconformal vertex algebras were studied in [1], [4], [11]
and [24].
In this paper we study the case of the Weyl vertex algebra, which we
denote byM , also called the βγ system in the physics litarature. Its Verlinde
type conjecture for fusion rules was presented by S. Wood and D. Ridout in
[27]. Here, we present a short proof of Verlinde conjecture in this case. We
prove the following fusion rules result:
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2 ON FUSION RULES FOR THE WEYL VERTEX ALGEBRA
Theorem 1.1. Assume that λ, µ, λ+ µ ∈ C \ Z. Then we have:
ρℓ1(M)× ρℓ2(U˜(λ)) = ρℓ1+ℓ2(U˜(λ)),(1.1)
ρℓ1(U˜(λ))× ρℓ2(U˜(µ)) = ρℓ1+ℓ2(
˜U(λ+ µ)) + ρℓ1+ℓ2−1(
˜U(λ+ µ)),(1.2)
where U˜(λ) is an irreducible weight module, and ρℓ, ℓ ∈ Z, are the spectral
flow automorphisms defined by (3.8).
The fusion rules (1.1) was proved in Proposition 3.1, and it is a direct
consequence of the construction of H. Li [25]. The main contribution of our
paper is vertex-algebraic proof of (1.2) which uses the theory of intertwin-
ing operators for vertex algebras and the fusion rules for the affine vertex
superalgebra V1(gl(1|1)).
We also prove a general irreducibility result which relates irreducible
weight modules for the Weyl vertex algebraM to irreducible weight modules
for V1(gl(1|1)) (see Theorem 5.1).
Theorem 1.2. Assume that N is an irreducible weight M–module. Then
N ⊗ F is a completely reducible V1(gl(1|1))–module.
The construction of intertwining operators appearing in the fusion rules
is based on two different embeddings of the Weyl vertex algebra M into the
lattice vertex algebra Π(0). Then one Π(0)–intertwining operator gives two
different M–intertwining operators. Therefore, both intertwining operators
are realized as Π(0)–intertwining operators. Once we tensor the Weyl vertex
algebra M with the Clifford vertex algebra F , we can use the fusion rules
for V1(gl(1|1)) to calculate the fusion rules for M .
It is known that fusion rules can be determined by using fusion rules
for the singlet vertex algebra (cf. [7], [12]). However, we believe that our
methods, which use V1(gl(1|1)), can be generalized to a wider class of vertex
algebras. In our future work we plan to study the following related fusion
rules problems:
• Connect fusion rules for higher rank Weyl vertex algebra with fusion
rules for V1(gl(n|m)).
• Extend fusion ring with weight modules having infinite-dimensional
weight spaces (cf. Subsection 3.4) and possibly with irreducible
Whittaker modules (cf. [8]).
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2. Fusion rules and intertwining operators
In this section we recall the definition of intertwining operators and fusion
rules. More details can be found in [20], [19], [14], [10]. We also prove an
important result on the action of certain automorphisms on intertwining
operators. This result will enable us to produce new intertwining operators
from the existing one.
Let V be a conformal vertex algebra with the conformal vector ω and let
Y (ω, z) =
∑
n∈Z L(n)z
−n−2. We assume that the derivation in the vertex
algebra V is D = L(−1). A V -module (cf. [26]) is a vector spaceM endowed
with a linear map YM from V to the space of End(M)-valued fields
a 7→ YM (a, z) =
∑
n∈Z
aM(n)z
−n−1
such that:
(1) YM (|0〉, z) = IM ,
(2) for a, b ∈ V ,
z−10 δ
(z1 − z2
z0
)
YM (a, z1)YM (b, z2)− z
−1
0 δ
(z2 − z1
−z0
)
YM (b, z2)YM (a, z1)
= z−12 δ
(z1 − z0
z2
)
YM (Y (a, z0)b, z2).
Given three V -modules M1, M2, M3, an intertwining operator of type(
M3
M1 M2
)
(cf. [19], [20]) is a map I : a 7→ I(a, z) =
∑
n∈Z a
I
(n)z
−n−1 from
M1 to the space of Hom(M2,M3)-valued fields such that:
(1) for a ∈ V , b ∈M1, c ∈M2, the following Jacobi identity holds:
z−10 δ
(z1 − z2
z0
)
YM3(a, z1)I(b, z2)c− z
−1
0 δ
(z2 − z1
−z0
)
I(b, z2)YM2(a, z1)c
= z−12 δ
(z1 − z0
z2
)
I(YM1(a, z0)b, z2)c,
(2) for every a ∈M1,
I(L(−1)a, z) =
d
dz
I(a, z).
We let I
( M3
M1 M2
)
denote the space of intertwining operators of type
( M3
M1 M2
)
,
and set
NM3M1,M2 = dim I
(
M3
M1 M2
)
.
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When NM3M1,M2 is finite, it is usually called a fusion coefficient.
Assume that in the category K of L(0)-diagonalizable V -modules, irre-
ducible modules {Mi | i ∈ I}, where I is an index set, have the following
properties
(1) for every i, j ∈ I, NMkMi,Mj is finite for any k ∈ I;
(2) NMkMi,Mj = 0 for all but finitely many k ∈ I.
Then the algebra with basis {ei ∈ I} and product
ei · ej =
∑
k∈I
NMkMi,Mjek
is called the fusion algebra of V,K.
Let K be a category of V -modules. LetM1,M2 be irreducible V -modules
in K. Given an irreducible V -module M3 in K, we will say that the fusion
rule
(2.3) M1 ×M2 =M3
holds in K if NM3M1,M2 = 1 and N
R
M1,M2
= 0 for any other irreducible V -
module R in K which is not isomorphic to M3.
We say that an irreducible V -module M1 is a simple current in K if M1
is in K and, for every irreducible V -moduleM2 in K, there is an irreducible
V -module M3 in K, such that the fusion rule (2.3) holds in K (see [14]).
Recall that for any automorphism g of V , and any V –module (M,YM (·, z)),
we have a new V –moduleM ◦g =Mg, such that Mg ∼=M as a vector space
and the vertex operator Y gM is given by Y
g
M (v, z) := YM (gv, z), for v ∈ V .
Namely, the only axiom we have to check is the Jacobi identity, and we have:
z−10 δ
(z1 − z2
z0
)
Y gM (a, z1)Y
g
M (b, z2)− z
−1
0 δ
(z2 − z1
−z0
)
Y gM (b, z2)Y
g
M (a, z1)
= z−10 δ
(z1 − z2
z0
)
YM (ga, z1)YM (gb, z2)− z
−1
0 δ
(z2 − z1
−z0
)
YM (gb, z2)YM (ga, z1)
= z−12 δ
(z1 − z0
z2
)
YM (Y (ga, z0)gb, z2)
= z−12 δ
(z1 − z0
z2
)
Y gM (Y
g(a, z0)b, z2).
Therefore, Mg is a V –module. The following proposition shows that auto-
morphism g also produces a new intertwining operator.
Proposition 2.1. Let g be an automorphism of the vertex algebra V satis-
fying the condition
ω − g(ω) ∈ Im(D).(2.4)
Let M1, M2, M3 be V –modules and I(·, z) an intertwining operator of type(
M3
M1 M2
)
. Then we have an intertwining operator Ig of type
( Mg3
Mg1 M
g
2
)
, such
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that Ig(b, z1) = I(b, z1), for all b ∈M1. Moreover,
NM3M1,M2 = N
Mg3
Mg1 ,M
g
2
.
Proof. We have:
z−10 δ
(z1 − z2
z0
)
Y gM3(a, z1)I
g(b, z2)c− z
−1
0 δ
(z2 − z1
−z0
)
Ig(b, z2)Y
g
M2
(a, z1)c
= z−10 δ
(z1 − z2
z0
)
YM3(ga, z1)I(b, z2)c− z
−1
0 δ
(z2 − z1
−z0
)
I(b, z2)YM2(ga, z1)c
= z−12 δ
(z1 − z0
z2
)
I(YM1(ga, z0)b, z2)c
= z−12 δ
(z1 − z0
z2
)
I(Y gM1(a, z0)b, z2)c.
Set
Y g(ω, z) =
∑
n∈Z
L(n)gz−n−1.
Since g(ω) = ω +Dv for certain v ∈ V , we have that
g(ω)0 = ω0 + (Dv)0 = ω0 = L(−1).
This implies that L(−1)g = L(−1). Hence for a ∈M1 we have
Ig(L(−1)ga, z) = Ig(L(−1)a, z) = I(L(−1)a, z) =
d
dz
I(a, z) =
d
dz
Ig(a, z).
Therefore, Ig has the L(−1)–derivation property and Ig is an intertwining
operator of type
( Mg3
Mg1 M
g
2
)
.

Remark 2.1. If V is a vertex operator algebra and g an automorphism
of V , then g(ω) = ω and the condition (2.4) is automatically satisfied. In
our applications, g will only be a vertex algebra automorphism such that
g(ω) 6= ω, yet the condition (2.4) will be satisfied.
3. The Weyl vertex algebra
3.1. The Weyl vertex algebra. The Weyl algebra Â is an associative
algebra with generators
a(n), a∗(n) (n ∈ Z)
and relations
[a(n), a∗(m)] = δn+m,0, [a(n), a(m)] = [a
∗(m), a∗(n)] = 0 (n,m ∈ Z).(3.5)
Let M denote the simple Weyl module generated by the cyclic vector 1
such that
a(n)1 = a∗(n+ 1)1 = 0 (n ≥ 0).
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As a vector space,
M ∼= C[a(−n), a∗(−m) | n > 0, m ≥ 0].
There is a unique vertex algebra (M,Y,1) (cf. [17], [23], [16]) where the
vertex operator map is
Y :M → End(M)[[z, z−1]]
such that
Y (a(−1)1, z) = a(z), Y (a∗(0)1, z) = a∗(z),
a(z) =
∑
n∈Z
a(n)z−n−1, a∗(z) =
∑
n∈Z
a∗(n)z−n.
In particular we have:
Y (a(−1)a∗(0)1, z) = a(z)+a∗(z) + a∗(z)a(z)−,
where
a(z)+ =
∑
n≤−1
a(n)z−n−1, a(z)− =
∑
n≥0
a(n)z−n−1.
Let β := a(−1)a∗(0)1. Set β(z) = Y (β, z) =
∑
n∈Z β(n)z
−n−2. Then β is
a Heisenberg vector in M of level −1. This means that the components of
the field β(z) satisfy the commutation relations
[β(n), β(m)] = −nδn+m,0 (n,m ∈ Z).
Also, we have the following formula
[β(n), a(m)] = −a(n+m), [β(n), a∗(m)] = a∗(n+m).
The vertex algebra M admits a family of Virasoro vectors
ωµ = (1− µ)a(−1)a
∗(−1)1− µa(−2)a∗(0)1 (µ ∈ C)
of central charge cµ = 2(6µ(µ − 1) + 1). Let
Lµ(z) = Y (ω, z) =
∑
n∈Z
Lµ(n)z−n−2.
This means that the components of the field L(z) satisfy the relations
[Lµ(n), Lµ(m)] = (n−m)Lµ(m+ n) +
n3 − n
12
δn+m,0cµ.
For µ = 0, we write ω = ωµ, L
µ(n) = L(n). Then cµ = 2. Clearly
ωµ = ω − µβ(−2)1.
Since (β(−2)1)0 = (Dβ)0, we have that
Lµ(−1) = L(−1), for every µ ∈ C.(3.6)
For n,m ∈ Z we have
[L(n), a(m)] = −ma(n+m), [L(n), a∗(m)] = −(m+ n)a∗(n+m).
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In particular,
[L(0), a(m)] = −ma(m), [L(0), a∗(m)] = −ma∗(m).
Lemma 3.1. Assume that W =
⊕
ℓ∈Z≥0
W (ℓ) is a Z≥0–graded M–module
with respect to L(0). Then
L(0) ≡ 0 on W (0).
Proof. Since W is Z≥0 with top component W (0), the operators a(n), a
∗(n)
must act trivially on W (0) for all n ∈ Z>0. Since
L(z) =: ∂a∗(z)a(z) :=
∑
n∈Z
L(n)z−n−2,
we have
L(0) =
∞∑
n=1
n(a∗(−n)a(n)− a(−n)a∗(n)) ≡ 0 (on W (0)).
The Lemma holds. 
Remark 3.1. One can show that Zhu’s algebra A(M) ∼= A1 and that [ω] = 0
in A(M). This can give a second proof of Lemma 3.1.
Definition 3.1. A module W for the Weyl algebra Â is called restricted if
the following condition holds:
• For every w ∈W , there is N ∈ Z≥0 such that
a(n)w = a∗(n)w = 0, for n ≥ N.
3.2. Automorphisms of the Weyl algebra. Denote by Aut(Â) the group
of automorphisms of the Weyl algebra Â. For any f ∈ Aut(Â), and Â–
module N , one can construct Â–module f(N) as follows:
f(N) := N as vector space, and action is x.v = f(x)v (v ∈ N).
For f, g ∈ Aut(Â), we have
(f ◦ g)(N) = g(f(N)).(3.7)
For every s ∈ Z the Weyl algebra Â admits the following automorphism
ρs(a(n)) = a(n+ s), ρs(a
∗(n)) = a∗(n− s).(3.8)
Then ρs is an automorphism of Â which can be lifted to an automorphism
of the vertex algebra M . Automorphism ρs is called spectral flow automor-
phism.
Assume that U is any restricted module for Â. Then ρs(U) is also a
restricted module for Â and ρs(U) is a module for the vertex algebra M .
Let K, be the category of weight M–modules such that the operators
β(n), n ≥ 1, act locally nilpotent on each module N in K. Applying the
automorphism ρs to the vertex algebra M , we get M–module ρs(M), which
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is a simple current in the category K. The proof is essentially given by H.
Li in [25, Theorem 2.15] in a slightly different setting.
Proposition 3.1. [25] Assume that N is an irreducible weight M–module
in the category K. Then the following fusion rules hold:
ρs1(M)× ρs2(N) = ρs1+s2(N) (s1, s2 ∈ Z).(3.9)
Proof. First we notice that if N is an irreducible M–module in K, we have
the following fusion rules
M ×N = N.(3.10)
Using [25], one can prove that ρs(M) is constructed from M as:
(ρs(M), Ys(·, z)) := (M,Y (∆(−sβ, z)·, z)),
where
∆(v, z) := zv0 exp
(
∞∑
n=1
vn
−n
(−z)−n
)
.
Assume that Ni, i = 1, 2, 3 are irreducible modules in K. By [25, Proposition
2.4] from an intertwining operator I(·, z) of type
( N3
N1 N2
)
, one can construct
intertwining operator Is2(·, z) of type
( ρs2 (N3)
N1 ρs2 (N2)
)
, where
Is2(v, z) := I(∆(−s2β, z)v, z) (v ∈ N1).
Now, the fusion rules (3.9) follows easily from the above construction using
(3.10). 
Consider the following automorphism of the Weyl vertex algebra
g : M →M
a 7→ −a∗, a∗ 7→ a
Assume that U is any M–module. Then Ug = U ◦ g is generated by the
following fields
ag(z) = −a
∗(z), a∗g(z) = a(z).
As an Â–module, Ug is obtained from U by applying the following auto-
morphism g:
a(n) 7→ −a∗(n + 1), a∗(n) 7→ a(n − 1).(3.11)
This implies that
g = ρ−1 ◦ σ = σ ◦ ρ1(3.12)
where σ is the automorphism of Â determined by
a(n) 7→ −a∗(n), a∗(n) 7→ a(n).(3.13)
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The automorphism g is then a vertex algebra automorphism of order 4.
Denote by σ0 the restriction of σ on A1. Using (3.11)-(3.13) we get the
following result:
Lemma 3.2. Assume that W is an irreducible M–module. Then
W g ∼= ρ1(σ(W )).
Proof. We have that as an Â–module:
W g = (ρ−1 ◦ σ)(W ).
Since ρ−1 ◦ σ = σ ◦ ρ1, by applying (3.7) we get:
W g = (σ ◦ ρ1)(W ) = ρ1(σ(W )).
The proof follows. 
3.3. Weight modules for the Weyl vertex algebra.
Definition 3.2. A module W for the Weyl vertex algebra M is called
weight if the operators β(0) and L(0) act semisimply on W .
Clearly, vertex algebra M is a weight module. We will now construct a
family of weight modules.
• Recall that the first Weyl algebra A1 is generated by x, ∂x with the
commutation relation
[∂x, x] = 1.
• For every λ ∈ C,
U(λ) := xλC[x, x−1]
has the structure of an A1–module.
• U(λ) is irreducible if and only if λ ∈ C \ Z.
• Note that a(0), a∗(0) generate a subalgebra of the Weyl algebra,
which is isomorphic to the first Weyl algebra A1. Therefore U(λ)
can be treated as an A1–module by letting a(0) = ∂x, a
∗(0) = x.
• By applying the automorphism σ0 on U(λ) we get
σ0(U(λ)) ∼= U(−λ).
Indeed, let z−µ−1 =
xµ
Γ(µ+1) , where µ ∈ C \ Z. Then
σ0(a(0)).z−µ = −
xµ
Γ(µ)
= −µ
xµ
Γ(µ+ 1)
= −µz−µ−1.
σ0(a
∗(0)).z−µ = (µ − 1)
xµ−2
Γ(µ)
=
xµ−2
Γ(µ− 1)
= z−µ+1.
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• Define the following subalgebras of Â:
Â≥0 = C[a(n), a
∗(m) | n,m ∈ Z≥0],
Â<0 = C[a(−n), a
∗(−n) | n ∈ Z≥1].
• The A1–module structure on U(λ) can be extended to a structure of
Â≥0–module by defining
a(n)
∣∣
U(λ)
= a∗(n)
∣∣
U(λ)
≡ 0 (n ≥ 1).
• Then we have the induced module for the Weyl algebra:
U˜(λ) = Â ⊗
.Â≥0
U(λ)
which is isomorphic to
C[a(−n), a∗(−n) |n ≥ 1]⊗ U(λ)
as a vector space.
Proposition 3.2. For every λ ∈ C\Z, U˜(λ) is an irreducible weight module
for the Weyl vertex algebra M .
Proof. The proof follows from Lemma 3.1 and the fact that U˜(λ) is a Z≥0–
gradedM–module whose top component is an irreducible module for A1. 
Applying Lemma 3.2 we get:
Corollary 3.1. For every λ ∈ C \ Z and s ∈ Z we have
U˜(λ)
g
∼= ρ1(U˜(−λ)),
(
ρ−s+1(U˜(λ))
)g
∼= ρs(U˜(−λ)).
3.4. More general weight modules. A classification of irreducible weight
modules for the Weyl algebra Â is given in [18]. Let us describe here a family
of weight modules having infinite–dimensional weight spaces.
Take λ, µ ∈ C \ Z. Let
U(λ, µ) = xλ1x
µ
2C[x1, x2, x
−1
1 , x
−1
2 ].
Then U(λ, µ) is an irreducible module for the second Weyl algebra A2 gen-
erated by ∂1, ∂2, x1, x2. Note that A2 can be realized as a subalgebra of Â
generated by ∂2 = a(1), ∂1 = a(0), x2 = a
∗(−1), x1 = a
∗(0). Then we have
the irreducible Â–module U˜(λ, µ) as follows. Let B be the subalgebra of Â
generated by a(i), a∗(j), i ≥ 0, j ≥ −1. Consider U(λ, µ) as a B–module
such that a(n), a∗(m) act trivially for n ≥ 2, m ≥ 1. Then by [18],
U˜(λ, µ) = Â ⊗B U(λ, µ)
is an irreducible Â–module. As a vector space:
U˜(λ, µ) ∼= C[a(−n− 1), a∗(−m− 2) | n,m ∈ Z≥0]⊗ U(λ, µ)
∼= a∗(0)λa∗(−1)µC[a(−n− 1), a∗(−m) | n,m ∈ Z≥0].
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Since U˜(λ, µ) is a restricted Â–module we get:
Proposition 3.3. U˜(λ, µ) is an irreducible weight module for the Weyl ver-
tex algebra M .
One can see that the weight spaces of the module U˜(λ, µ) are all infinite-
dimensional with respect to (β(0), L(0)). In particular, vectors
a(−1)ma∗(0)λ+2ma∗(−1)µ−m, m ∈ Z≥0,
are linearly independent and they belong to the same weight space.
Remark 3.2. Note that modules U˜(λ, µ) are not in the category K, and
therefore Proposition 3.1 can not be applied in this case.
4. The vertex algebra Π(0) and the the construction of
intertwining operators
In this section we present a bosonic realization of the weight modules for
the Weyl vertex algebra. We also construct intertwining operators using this
bosonic realization.
4.1. The vertex algebra Π(0) and its modules. Let L be the lattice
L = Zα+ Zβ, 〈α,α〉 = −〈β, β〉 = 1, 〈α, β〉 = 0,
and VL = Mα,β(1) ⊗ C[L] the associated lattice vertex superalgebra, where
Mα,β(1) is the Heisenberg vertex algebra generated by fields α(z) and β(z)
and C[L] is the group algebra of L. We have its vertex subalgebra
Π(0) =Mα,β(1)⊗ C[Z(α+ β)] ⊂ VL.
There is an injective vertex algebra homomorphism f : M → Π(0) such
that
f(a) = eα+β , f(a∗) = −α(−1)e−α−β .
We identify a, a∗ with their image in Π(0). We have (cf. [16])
M ∼= KerΠ(0)e
α
0 .
The Virasoro vector ω is mapped to
ω = a(−1)a∗(−1)1 =
1
2
(α(−1)2 − α(−2) − β(−1)2 + β(−2))1.
Note also that
g(ω) = −a(−2)a∗ = ωµ =
1
2
(α(−1)2−α(−2)−β(−1)2−β(−2))1. (µ = 1).
Since
Π(0) = C[Z(α+ β)]⊗Mα,β(1)(4.14)
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is a vertex subalgebra of VL, for every λ ∈ C and r ∈ Z,
Πr(λ) = C[rβ + (Z+ λ)(α+ β)]⊗Mα,β(1) = Π(0).e
rβ+λ(α+β)
is an irreducible Π(0)–module.
We have
L(0)erβ+(n+λ)(α+β) =
1− r
2
(r + 2(n+ λ))erβ+(n+λ)(α+β),
and for µ = 1
Lµ(0)erβ+(n+λ)(α+β) =
1
2
r(1 + r + 2(n + λ))erβ+(n+λ)(α+β)
Proposition 4.1. Assume that ℓ ∈ Z, λ ∈ C \ Z. Then as M–modules:
(1) Πℓ(λ) ∼= ρ−ℓ+1(U˜(−λ)),
(2) Πℓ(λ)
g ∼= ρℓ(U˜(λ)).
Proof. Assume first that r = 1. Then Π1(−λ) is a Z≥0–graded M–module
whose lowest component is
Π1(−λ)(0) ∼= C[β + (Z− λ)(α + β)] ∼= U(λ).
Now Lemma 3.1 and Corollary 3.1 imply that Π1(−λ) is an irreducible
M–module isomorphic to U˜(λ). Modules Πℓ(−λ) can by obtained from
Π1(−λ) by applying the spectral flow automorphism ρ−ℓ+1 := e
(ℓ−1)β . Using
Corollary 3.1 we get
Πℓ(λ)
g =
(
ρ−ℓ+1(U˜(−λ))
)g
= ρ1σρ−ℓ+1(U˜(−λ))
= ρℓσ(U˜(−λ)) = ρℓ(U˜(λ)).
The proof follows. 
4.2. Construction of intertwining operators.
Proposition 4.2. For every ℓ1, ℓ2 ∈ Z and λ, µ ∈ C there exist non-trivial
intertwining operators of types(
ρℓ1+ℓ2−1(
˜U(λ+ µ))
ρℓ1(U˜(λ)) ρℓ2(U˜(µ))
)
,
(
ρℓ1+ℓ2(
˜U(λ+ µ))
ρℓ1(U˜(λ)) ρℓ2(U˜(µ))
)
(4.15)
in the category of weight M–modules.
Proof. By using explicit bosonic realization, as in [15], one can construct a
unique nontrivial intertwining operator I(·, z) of type(
Πs1+s2(λ1 + λ2)
Πs1(λ1) Πs2(λ2)
)
(4.16)
in the category of Π(0)–modules such that
es1β+λ1(α+β)ν e
s2β+λ2(α+β) = e(s1+s2)β+(λ1+λ2)(α+β) (ν ∈ C).
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By restriction, this gives a non-trivial intertwining operator in the category
of weight M–modules. Taking the embedding f : M → Π(0) and apply-
ing Corollary 4.1, we conclude the operator (4.16) gives the intertwining
operator of type (
ρ−s1−s2+1(
˜U(−λ1 − λ2))
ρ−s1+1(U˜(−λ1)) ρ−s2+1(U˜(−λ2))
)
,
which for ℓ1 = −s1 + 1, ℓ2 = −s2 + 1, λ = −λ1, µ = −λ2 gives the first
intertwining operator. By using action of the automorphism g and Corollary
4.1 we get the following intertwining operator(
ρs1+s2(
˜U(λ1 + λ2))
ρs1(U˜(λ1)) ρs2(U˜(λ2))
)
,
which for ℓ1 = s1, ℓ2 = s2, λ = λ1, µ = λ2 gives the second intertwining
operator. 
Remark 4.1. Intertwining operators in Proposition 4.2 are realized on ir-
reducible Π(0)–modules. This result can be read as
Πℓ1(λ)×Πℓ2(µ) ⊇ Πℓ1+ℓ2−1(λ+ µ) + Πℓ1+ℓ2(λ+ µ).
In the category of M–modules, we have non-trivial intertwining operators(
Πℓ1+ℓ2−1(λ+ µ)
Πℓ1(λ) Πℓ2(µ)
)
,(4.17)
which are not Π(0)–intertwining operators.
Remark 4.2. Note that (M,Y,1) is a conformal vertex algebra with the
conformal vector
ω = a(−1)a∗(−1)1.
Note that the intertwining operators (4.15) satisfy the L(−1)-derivative prop-
erty. Intertwining operators (4.16) satisfy this property by using the lattice
realization as before, and intertwining operators (4.17) satisfy it by Propo-
sition 2.1, using the facts that g(ω) = ω1 and L
µ(−1) = L(−1), for µ = 1.
Moreover, using relation (3.6) we see that the Lµ(−1)–derivation property
holds for every µ ∈ C, for all intertwining operators constructed above.
5. The vertex algebra V1(gl(1|1)) and its modules
5.1. On the vertex algebra V1(gl(1|1)). We now recall some results on
the representation theory of gl(1|1) and ĝl(1|1). The terminology follows
[13, Section 5].
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Let g = gl(1|1) be the complex Lie superalgebra generated by two even el-
ements E,N and two odd elements Ψ± with the following (super)commutation
relations:
[Ψ+,Ψ−] = E, [E,Ψ±] = [E,N ] = 0, [N,Ψ±] = ±Ψ±.
Other (super)commutators are trivial. Let (·, ·) be the invariant super-
symmetric invariant bilinear form such that
(Ψ+,Ψ−) = (Ψ−,Ψ+) = 1, (N,E) = (E,N) = 1.
All other products are zero.
Let ĝ = ĝl(1|1) = g⊗C[t, t−1] +CK be the associated affine Lie superal-
gebra with the commutation relations
[x(n), y(m)] = [x, y](n +m) + nδn+m,0K,
where K is central and for x ∈ g we set x(n) = x ⊗ tn. Let Vk(g) be the
associated simple affine vertex algebra of level k.
Let Vr,s be the Verma module for the Lie superalgebra g generated by
the vector vr,s such that Nvr,s = rvr,s, Evr,s = svr,s. This module is a
2–dimensional module and it is irreducible iff s 6= 0. If s = 0, Vr,s has a
1–dimensional irreducible quotient, which we denote by Ar.
We will need the following tensor product decompositions:
Ar1 ⊗Ar2 = Ar1+r2 , Ar1 ⊗ Vr2,s2 = Vr1+r2,s2 ,(5.18)
Vr1,s1 ⊗ Vr2,s2 = Vr1+r2,s1+s2 ⊕ Vr1+r2−1,s1+s2 (s1 + s2 6= 0),(5.19)
Vr1,s1 ⊗ Vr2,−s1 = Pr1+r2 ,(5.20)
where Pr is the 4–dimensional indecomposable module which appears in the
following extension
0→ Vr,0 → Pr → Vr−1,0 → 0.
Let V̂r,s denote the Verma module of level 1 induced from the irreducible
gl(1|1)–module Vr,s. If s /∈ Z, then V̂r,s is an irreducible V1(gl(1|1))–module.
If s ∈ Z, V̂r,s is reducible and its structure is described in [13, Section 5.3].
By using the tensor product decomposition (5.19) we get the following
result on fusion rules for V1(g)–modules:
Proposition 5.1. Let r1, r2, s1, s2 ∈ C, s1, s2, s1 + s2 /∈ Z. Assume that
there is a non-trivial intertwining operator(
V̂r3,s3
V̂r1,s1 V̂r2,s2
)
in the category of V1(g)–modules. Then s3 = s1 + s2 and r3 = r1 + r2, or
r3 = r1 + r2 − 1.
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Recall that the Clifford algebra is generated by ψ(r), ψ∗(s), where r, s ∈
Z+ 12 , with relations
[ψ(r), ψ∗(s)] = δr+s,0,
[ψ(r), ψ(s)] = [ψ∗(r), ψ∗(s)] = 0, for all r, s.
(5.21)
Note that the commutators (5.21) are actually anticommutators because
both ψ(r) and ψ∗(s) are odd for every r and s.
The Clifford vertex algebra F is generated by the fields
ψ(z) =
∑
n∈Z
ψ(n+
1
2
)z−n−1,
ψ∗(z) =
∑
n∈Z
ψ∗(n+
1
2
)z−n−1.
As a vector space,
F ∼=
∧({
ψ(r), ψ∗(s)
∣∣ r, s < 0})
Let VZγ be the lattice vertex algebra associated to the lattice Zγ ∼= Z,
〈γ, γ〉 = 1. By using the boson–fermion correspondence, we have that F ∼=
VZγ , and we can identify the generators of the Clifford vertex algebra as
follows (cf. [22]):
ψ := eγ , ψ∗ = e−γ
.
Now we define the following vertex superalgebra:
SΠ(0) = Π(0) ⊗ F ⊂ VL,
and its irreducible modules
SΠr(λ) = Πr(λ)⊗ F = SΠ(0).e
rβ+λ(α+β).
Let U =M ⊗ F . Using [22, Section 5.8] we define the vectors
Ψ+ := eα+β+γ = a(−1)ψ, Ψ− := −α(−1)e−α−β−γ = a∗(0)ψ∗,
E := γ + β, N :=
1
2
(γ − β).
Then the components of the fields
X(z) = Y (X, z) =
∑
n∈Z
X(n)z−n−1, X ∈ {Ψ+,Ψ−, E,N}
satisfy the commutation relations for the affine Lie algebra ĝ = ĝl(1|1), so
that M ⊗F is a ĝ–module of level 1. (See also [5] for a realization of ĝl(1|1)
at the critical level).
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The Sugawara conformal vector is
ωc=0 =
1
2(N(−1)E(−1) + E(−1)N(−1) −Ψ
+(−1)Ψ−(−1) +
Ψ−(−1)Ψ+(−1) + E(−1)2)1(5.22)
= 12(β(−1) + γ(−1))(γ(−1) − β(−1)) + α(−1)(α(−1) + β(−1) + γ(−1))
−12((α(−1) + β(−1) + γ(−1))
2 + (α(−2) + β(−2) + γ(−2)))
+12(β(−1) + γ(−1))
2 + 12 (β(−2) + γ(−2))
= 12(α(−1)
2 − α(−2)− β(−1)2 + γ(−1)2)
= ωc=−1 +
1
2γ(−1)
2 (ωc=−1 = ω1/2)
5.2. Construction of irreducible V1(g)–modules from irreducibleM–
modules. Let V1(g) be the simple affine vertex algebra of level 1 associated
to g.
We have the following gradation:
U =
⊕
U ℓ, E(0)|Uℓ = ℓ Id.
We will present an alternative proof of the following result:
Proposition 5.2. [22] We have:
V1(g) ∼= U
0 = KerM⊗FE(0).
Proof. Let V˜1(g) be the vertex subalgebra of U
0 generated by g. Assume
that V˜1(g) 6= U
0. Then there is a subsingular vector vr,s /∈ C1 for ĝ of weight
(r, s) such that for n > 0:
Ψ+(0)vr,s ∈ V˜1(g), X(n)vr,s ∈ V˜1(g), X ∈ {E,N,Ψ
±}
E(0)vr,s = svr,s, N(0)vr,s = rvr,s.
In other words, vr,s is a singular vector in the quotient U˜0 = U
0/V˜1(g). Since
E(0) acts trivially on U0, we conclude that s = 0. Recalling the expression
for the Virasoro conformal vector (5.22), we get that in U˜0:
Lc=0(0)vr,0 = (ωc=0)1vr,0 =
1
2(2N(0)E(0) − E(0) + E(0)
2)vr,0 = 0.
This implies that vr,0 has the conformal weight 0 and hence must be propor-
tional to 1. A contradiction. Therefore, U0 = V˜1(g). Since U
0 is a simple
vertex algebra, we have that V˜1(g) = V1(g). 
We can extend this irreducibility result to a wide class of weight modules.
The proof is similar to the one given in [3, Theorem 6.2].
Theorem 5.1. Assume that N is an irreducible weight module for the Weyl
vertex algebra M , such that β(0) acts semisimply on N :
N =
⊕
s∈Z+∆
N s, β(0)|N s ≡ sId (∆ ∈ C).
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Then N ⊗ F is a completely reducible V1(g)–module:
N ⊗ F =
⊕
s∈Z
Ls(N) Ls(N) = {v ∈ N ⊗ F |E(0)v = (s+∆)v},
and each Ls(N) is irreducible V1(g)–module.
Proof. Clearly Ls(N) is a U
0(= V1(g))–module. It suffices to prove that
each vector w ∈ Ls(N) is cyclic. Since N ⊗ F is a simple U–module, we
have that U .w = N ⊗F . On the other hand, N ⊗F is Z–graded U–module
so that
Ur · Ls(N) ⊂ Lr+s(N), (r, s ∈ Z).
This implies that Ur.w ⊂ Lr+s(N) for each r ∈ Z. Theferore U
0.w = Lr(N).
The proof follows. 
As a consequence we get a family of irreducible V1(g)–modules:
Corollary 5.1. Assume that λ, µ ∈ C \ Z. Then for each s ∈ Z we have:
(1) Ls(U˜(λ)) is an irreducible V1(g)–module,
(2) Ls(U˜(λ, µ)) is an irreducible V1(g)–module.
We will prove in the next section that Ls(U˜(λ)) are irreducible highest
weight modules. But one can see that Ls(U˜(λ, µ)) have infinite-dimensional
weight spaces. A detailed analysis of the structure of these modules will
appear in our forthcoming papers (cf. [9]).
6. The calculation of fusion rules
In this section we will finish the calculation of fusion rules for the Weyl
vertex algebra M .
We will first identify certain irreducible highest weight ĝ–modules.
Lemma 6.1. Assume that r, n ∈ Z, λ ∈ C, λ+n /∈ Z. Then er(β+γ)+(λ+n)(α+β)
is a singular vector in SΠr(λ) and
U(ĝ).er(β+γ)+(λ+n)(α+β) ∼= V̂
r+
1
2(λ+n),−λ−n
,(6.23)
L(0)er(β+γ)+(λ+n)(α+β) =
1
2
(1− 2r)(n+ λ)er(β+γ)+(λ+n)(α+β) .(6.24)
Proof. By using standard calculation in lattice vertex algebras we get for
m ≥ 0
Ψ+(m)er(β+γ)+(λ+n)(α+β) = eα+β+γm e
r(β+γ)+(λ+n)(α+β) = 0,
Ψ−(m+ 1)er(β+γ)+(λ+n)(α+β) =
(
−α(−1)e−α−β−γ
)
m+1
er(β+γ)+(λ+n)(α+β) = 0,
E(m)er(β+γ)+(λ+n)(α+β) = −(λ+ n)δm,0e
r(β+γ)+(λ+n)(α+β),
N(m)er(β+γ)+(λ+n)(α+β) =
1
2
(2r + λ+ n)δm,0e
r(β+γ)+(λ+n)(α+β).
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Therefore er(β+γ)+(λ+n)(α+β) is a highest weight vector for ĝ with highest
weight (r + 12(λ + n),−λ − n) with respect to (N(0), E(0)). This im-
plies that U(ĝ) is isomorphic to a certain quotient of the Verma module
V̂
r+
1
2(λ+n),−λ−n
. But since, λ + n /∈ Z, V̂
r+
1
2(λ+n),−λ−n
is irreducible and
therefore (6.23) holds. Relation (6.24) follows by applying the expression
ω = 12(α(−1)
2 − α(−2) − β(−1)2 + γ(−1)2):
L(0)er(β+γ)+(λ+n)(α+β)
=
1
2
(
(λ+ n)2 − (λ+ n+ r)2 + r2 + (λ+ n)
)
er(β+γ)+(λ+n)(α+β)
=
1
2
(1− 2r)(n + λ)er(β+γ)+(λ+n)(α+β) .

Theorem 6.1. Assume that r ∈ Z, λ ∈ C \ Z. Then we have:
(1) SΠr(λ) is an irreducible M ⊗ F–module,
(2) SΠr(λ) is a completely reducible ĝl(1|1)–module:
SΠr(λ) ∼=
⊕
s∈Z
U(ĝ).er(β+γ)+(λ+s)(α+β)
∼=
⊕
s∈Z
V̂
r+
1
2(λ+s),−λ−s
.(6.25)
Proof. The assertion (1) follows from the fact that Πr(λ) is an irreducible
M–module (cf. Proposition 4.1). Note next that the operator E(0) =
β(0) + γ(0) acts semi–simply on M ⊗ F :
M ⊗ F =
⊕
s∈Z
(M ⊗ F )(s), (M ⊗ F )(s) = {v ∈M ⊗ F | E(0)v = −sv}.
In particular, (M ⊗ F )(0) ∼= V1(g) (cf. [22] and Proposition 5.2). But E(0)
also defines the following Z–gradation on SΠr(λ):
SΠr(λ) =
⊕
s∈Z
SΠr(λ)
(s), SΠr(λ)
(s) = {v ∈ SΠr(λ)| E(0)v = (−s− λ)v}.
Applying Theorem 5.1 we see that each SΠr(λ)
(s) is an irreducible (M ⊗
F )(0) ∼= V1(g)–module. Using Lemma 6.1 we see that it is an irreducible
highest weight ĝ–module with highest weight vector er(β+γ)+(λ+s)(α+β). The
proof follows. 
Theorem 6.2. Assume that λ1, λ2, λ1 + λ2 ∈ C \ Z, r1, r2, r3 ∈ Z. Assume
that there is a non-trivial intertwining operator of type(
SΠr3(λ3)
SΠr1(λ1) SΠr2(λ2)
)
in the category of M ⊗ F–modules. Then λ3 = λ1 + λ2 and r3 = r1 + r2, or
r3 = r1 + r2 − 1.
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Proof. Assume that I is an non-trivial intertwining operator of type(
SΠr3(λ3)
SΠr1(λ1) SΠr2(λ2)
)
,
Since SΠr(λ) are simple M ⊗F–modules, we have that for every s1, s2 ∈ Z:
I(er1(β+γ)+(λ1+s1)(α+β), z)er2(β+γ)+(λ2+s2)(α+β) 6= 0.
Here we use the well-known result which states that for every non-trivial
intertwining operator I between three irreducible modules we have that
I(v, z)w 6= 0 (cf. [15, Proposition 11.9]). Note that eri(β+γ)+λi(α+β) is a
singular vector for ĝ which generates V1(g)–module V̂ri+12λi,−λi
, i = 1, 2.
The restriction of I(·, z) on
V̂
r1+
1
2λ1,−λ1
⊗ V̂
r2+
1
2λ2,−λ2
gives a non-trivial intertwining operator(
SΠr3(λ3)
V̂
r1+
1
2λ1,−λ1
V̂
r2+
1
2λ2,−λ2
)
in the category of V1(g)–modules. Proposition 5.1 implies that then
V̂
r1+r2+
1
2(λ1+λ2),−λ1−λ2
or V̂
r1+r2+
1
2(λ1+λ2)−1,−λ1−λ2
has to appear in the decomposition of SΠr3(λ3) as a V1(g)–module. Using
decomposition (6.25) we get that there is s ∈ Z such that
r1 + r2 +
1
2 (λ1 + λ2) = r3 +
1
2(λ+ s), −λ1 − λ2 = −λ− s(6.26)
or
r1 + r2 − 1 +
1
2(λ1 + λ2) = r3 +
1
2(λ+ s), −λ1 − λ2 = −λ− s.(6.27)
Solution of (6.26) is
λ+ s = λ1 + λ2, r3 = r1 + r2,
and of (6.27) is
λ+ s = λ1 + λ2, r3 = r1 + r2 − 1.
Since SΠr(λ) ∼= SΠr(λ+s) for s ∈ Z, we can take s = 0. Thus, λ3 = λ1+λ2
and r3 = r1 + r2 or r3 = r1 + r2 − 1. The claim holds. 
By using the following natural isomorphism of the spaces of intertwining
operators (cf. [6, Section 2]):
IM⊗F
(
SΠr3(λ3)
SΠr1(λ1) SΠr2(λ2)
)
∼= IM
(
Πr3(λ3)
Πr1(λ1) Πr2(λ2)
)
,
Theorem 6.2 implies the fusion rules result in the category of modules for
the Weyl vertex algebra M (see also [27, Corollary 6.7], for a derivation of
the same fusion rules using Verlinde formula).
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Corollary 6.1. Assume that λ1, λ2, λ1 + λ2 ∈ C \ Z, r1, r2, r3 ∈ Z. There
exists a non-trivial intertwining operator of type(
Πr3(λ3)
Πr1(λ1) Πr2(λ2)
)
in the category of M–modules if and only if λ3 = λ1 + λ2 and r3 = r1 + r2
or r3 = r1 + r2 − 1.
The fusion rules in the category of weight M–modules are given by
Πr1(λ1)×Πr2(λ2) = Πr1+r2(λ1 + λ2) + Πr1+r2−1(λ1 + λ2).
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